Abstract. Let E/Q be an elliptic curve and K/Q a nite Galois extension with group G. We write E K for the base change of E and consider the equivariant Tamagawa number conjecture for the pair (h 1 (E K )(1), Z [G]). This conjecture is an equivariant renement of the Birch and Swinnerton-Dyer conjecture for E/K. For almost all primes l we derive an explicit formulation of the conjecture which makes it amenable to numerical verications. We use this to provide convincing numerical evidence in favour of the conjecture.
Introduction
Let E/Q be an elliptic curve and let K/Q be a nite Galois extension with group G = Gal(K/Q). We write E K for the base change of E. We consider the motive It is conjectured that L(M K , s) has meromorphic continuation to all of C. Assuming this conjecture we write L * (M K ) for the leading term in its Taylor expansion at s = 0. To be more explicit, we let Irr(G) be the set of absolutely irreducible characters of G. For any character χ we write L(E/Q, χ, s) for the twisted Hasse-Weil-L-function and L * (E/Q, χ, 1) for the leading term in the Taylor expansion at s = 1. The center ζ(C [G] ) is canonically isomorphic to χ∈Irr(G) C and via this identication L * (M K ) equals (L * (E/Q,χ, 1)) χ∈Irr (G) . It is easily shown that L * (M K ) ∈ ζ(R[G]) × (see Remark 3.2) . The`Equivariant Tamagawa Number Conjecture' (for short ETNC) formulated by Burns and Flach in [12] for the pair (M K , Z [G] ) is equivalent to an equality of the form (1) 
where δ is a canonical homomorphism from the unit group ζ(R[G])
× to the relative algebraic K-group K 0 (Z[G], R) and χ(M K ) is a certain Euler characteristic in this relative group constructed from the various motivic cohomology groups, realizations, comparison isomorphisms and regulators associated to M K and its Kummer dual. We note in passing that the ETNC is formulated in much more generality and that the general formulation is comparatively abstract. Indeed, in our elliptic curve case with K = Q the ETNC is equivalent to the Birch and Swinnerton-Dyer conjecture (for short BSD). But even this basic fact is not evident and we refer the reader to [24] or [36] for a detailed proof. For the base change of an elliptic curve Date: November 5, 2010. the ETNC is an`equivariant BSD conjecture'. Our main result Proposition 4.4 makes this apparent for arbitrary elliptic curves E/Q and Galois extensions K/Q.
The aim of this article is to describe an approach for converting the rather involved and abstract conjectural equality (1) into a form which is amenable to numerical computations. In this way we systematically improve upon work of Navilarekallu [30] which originally was the motivation for this manuscript.
As in the classical case of the BSD conjecture the ETNC splits into three parts: an`equivariant rank conjecture', an`equivariant rationality conjecture' and aǹ equivariant integrality conjecture'.
We will use work of T. Dokchitser [17] to compute numerical approximations to the leading terms of the twisted Hasse-Weil-L-functions and for our general approach we will then usually assume the validity of the rank conjecture. However, in our concrete examples in Section 6 we are often able to deduce the rank conjecture from theoretical results or from an explicit computation of Selmer groups.
We then show how to compute numerical approximations to equivariant periods and to equivariant regulators (provided that we are able to compute the MordellWeil group E(K)). Combining these computations we are able to numerically verify the rationality conjecture up to the precision of our computations.
From now on we assume the validity of the equivariant rationality conjecture. We note in passing that there are important results in the literature (without being exhaustive we only mention [22, 25, 26, 27, 37] and recent results of Bertolini and Darmon) from which one can possibly deduce the equivariant rationality conjecture provided that the analytic (equivariant) rank is at most 1. This will be part of a further research project. In our numerical examples we mostly consider elliptic curves E dened over Q and dihedral extensions K/Q of order 2l for an odd prime l such that the Mordell-Weil group E(K) is nite. In this case, where all absolutely irreducible characters are of degree 1 or 2, there is important work of Shimura [33, 34] which probably allows to deduce the equivariant rationality conjecture. In a slightly dierent situation, namely for subextensions of the false Tate curve tower, Bouganis and V. Dokchitser in [7] successfully apply Shimura's work to deduce algebraicity and Galois equivariance of twisted BSD quotients. Similar arguments will hopefully work in our context.
Furthermore we throughout assume that the Tate-Shafarevic group X(E/K) is nite. Again it is possible to deduce niteness of X(E/K) in many examples provided that the analytic rank is at most 1 from the above mentioned work, however, since the aim of this paper is to work out the additional diculties of the equivariant conjecture, we prefer to make the general assumption that X(E/K) is nite.
A further main result of this paper (Corollary 4.7) shows that we can use the computational results from the verication of the rationality conjecture to prove the l-part of the ETNC for all primes l outside a nite set of dicult primes. This nite set contains in most cases the prime divisors of #G and the prime divisors of #X(E/K). There are two dierent reasons why we get into diculties with these primes. Our approach is restricted to the case that certain cohomology groups are perfect Z l [G]-modules. If l #G the ring Z l [G] is regular so that this assumption is satised for every nitely generated Z l [G]-module. On the other hand, even if l | #G there are some rare cases where the modules under consideration are perfect, so that we can also produce numerical evidence for these interesting primes (see the examples in Section 6). Primes dividing #X(E/K) are dicult just because we are not able to compute X(E/K) as a Galois module (which would be necessary in order to compute Euler characteristics). The situation is even worse because we do not dispose of an algorithm to compute #X(E/K). In order to compute a conjectural candidate for the set of dicult primes we will assume the validity of the classical BSD conjecture for E/K and use it to compute a conjectural value for
#X(E/K).
We point out that the equivariant BSD conjecture has far reaching explicit consequences (see [14] ) which could not be derived from non-equivariant versions. This may indicate that any theoretical or numerical verication of the equivariant version requires a lot of additional eort. A lot of the additional algorithmic problems are hidden in the algorithms described in [5] . In particular, it can be shown that the ETNC is true if and only if the twisted BSD quotients satisfy certain congruences. For cyclic groups Z p , dihedral groups D 2p , p an odd prime, and the alternating group A 4 we explicitly determine these congruences.
We will illustrate our results in Section 6 with some explicit examples. More examples can be computed using the MAGMA implementations available from http://www.mathematik.uni-kassel.de/∼bley/pub.html.
The structure of the paper is as follows. In the rst part of Section 2 we review algebraic preliminaries like determinant functors, categories of virtual objects and the construction of Euler characteristics in these categories. These very abstract concepts are used to formulate the ETNC in [12] . Following an approach of Burns [13] we then make the construction of Euler characteristics more explicit in terms of relative algebraic K-groups and in this way amenable to numerical computations. In particular, in the second part of Section 2 we recall the algorithmic methods of [5] which allow the computation of the relevant relative algebraic K-groups and provide methods to compute in them. For certain small groups we explicity determine the above mentioned congruences.
In Section 3 we describe the ETNC for the base change of an elliptic curve and in Section 4 we then derive our main theoretical results (Proposition 4.4 and Corollary 4.7) which are the basis for our numerical computations. In Section 5 we comment upon the algorithmic aspects of our work and in the nal Section 6 we describe several interesting examples in detail. In particular, we have chosen the examples such that we can apply our methods for a prime divisor l of #G and such that the explicit congruences can be seen.
In future work [1] we will study the l-part of ETNC for elliptic curves E/K and cyclic extensions K/Q of prime power order l n , l odd. Acknowledgements: I am very grateful to David Burns and Tom Fisher for their interest and helpful discussions. I also would like to thank the referee for his careful reading of the manuscript and many valuable comments.
2. Algebraic preliminaries 2.1. Determinant functors and virtual objects. Let R by any associative unital ring. Let PMod(R) denote the category of nitely generated projective Rmodules and write PMod(R)
• for the category of bounded complexes of such modules. We also write D(R) for the derived category of complexes of R-modules and Our main reference for determinant functors, Picard categories and virtual objects is [12] . Let V (R) denote the Picard category of virtual objects associated to PMod(R) and write [·] R for the universal determinant functor
where (PMod(R), is) denotes the subcategory of all isomorphisms in PMod(R). By [12, Prop. 2.1] this functor extends to a functor
We recall that V (R) is equipped with a canonical bifunctor (L, M ) → LM . We x a unit object 1 R and for each object L an inverse L −1
with an isomorphism
For any Picard category P we dene π 0 (P) to be the group of isomorphism classes of objects of P and set π 1 (P) := Aut P (1 P ). The groups π 0 (V (R)) and π 1 (V (R)) are naturally isomorphic to K 0 (R) and K 1 (R), respectively.
Let A be a nite dimensional semisimple Q-algebra. For any extension eld F of Q we put A F := A ⊗ Q F and abbreviate A p := A ⊗ Q Q p . Let A ⊆ A be a Z-order and set
We set V(A) := V (Â) × V (Â) V (A) and recall that elements in V(A) are of the form
Note that the tensor in this context is the functor between categories of virtual objects induced by the tensor functor on the level of modules by the universal property [12, (2.3) ,f]. Note also that we can identifyX with
There is a natural monoidal functor
is the natural map. Let P 0 be the Picard category with unique object 1 P0 and Aut P0 (1 P0 ) = 0. Following [12] we dene V(A, F ) to be the bre product category V(A) × V (A F ) P 0 . Explicitly, elements in V(A, F ) are given by triples
We usually omit 1 P0 in the notation.
By [12, Prop. 2.5] one has a canonical isomorphism
where K 0 (A, F ) is the relative algebraic K-group as dened in [35, page 215] . Following the proof of [12, Prop. 2.5] we explicitly describe the inverse of ι A,F . Let [P, ϕ, Q] be an element in K 0 (A, F ) with P, Q ∈ PMod(A) and an isomorphism ϕ :
where each θ p is the canonical map and ϕ triv is the composite
Here the rst isomorphism is induced by ϕ.
If we set
and hence a homomorphism π 0 V (A, F ) −→ K 0 (A, F ) which we also denote by ι A,F . In the same way we obtain isomorphisms (see again [12 
Given data as in (2) we therefore obtain an element
In the context of the ETNC we are, in addition, given an element L * ∈ ζ(A F )
× . There is a canonical commutative diagram of the form (3)
If R is a nite dimensional semisimple algebra over either a global eld or a local eld, then we have an injective reduced norm map
If G is a nite group, then Nrd R[G] is in general not surjective. However, by [12, Sec. 4.2] there always exists a canonical 'extended boundary homomorphism' The conjectures we wish to consider in this paper are essentially of the form
For our computational purposes, in particular to be able to apply the results and algorithms of [5] , we need to reinterprete this construction in terms of explicit elements of K 0 (A, F ). Here we essentially follow the approach of Burns in [13] . For any bounded complex P
• we dene objects P all , P ev and P od by
We write Z
for the complexes of cycles, boundaries and cohomology of P • , each with zero dierentials. In arithmetical applications we often have the following data
• together with isomorphisms
This data is related to the data given in (2) in the following waŷ 
. We x p and j and consider the map θ p :
The isomorphisms β 1 and β 5 are induced by choosing splittings of the tautological exact sequences 
Proof. We consider the diagram
It follows from the explicit descriptions of ι 
Hence the result follows. 
of length 2. Then the element
does not depend on the choice of the above resolution. For any Z p [G]-module P we write P tors for the submodule of Z p -torsion elements and set P tf := P/P tors . Lemma 2.3. Assume that we have data given as in (4) . Let p be a xed prime and j : R −→ C p an embedding.
(a) If all cohomology modules
Proof. Part (a) follows from the denition of θ p and [12, Prop. 2.1e]. If the modules
Part (b) follows now from the very denition of the second summand by devissage.
For later reference we record the following lemma. We write
for the extended boundary homomorphism. Note that
Proof. We recall the denition of δ. By the Weak Approximation Theorem we may
and therefore
An easy diagram chase using diagram (3) implies that ∂
The reverse implication is immediate from the commutative diagram
The proof of b) is similar, but easier, because in the local case the reduced norm map is an isomorphism. Proposition 2.5. Assume the situation of (4). Let p be a prime and
) represent θ p with respect to the chosen basis. Set
Then
Proof. Let
where the last equivalence follows from Lemma (2.4).
In the next section we will recall from [5] how the relative algebraic K-group K 0 (Z p [G], Q p ) can be explicitly computed as an abstract abelian group and how the element Ω p can be realized as an element of this abstract group. Remark 2.6. a) The assumption in Proposition 2.5 is no restriction because we can always nd a projective 
Then one has:
2.2. Relative algebraic K-groups. In this section we recall results from [5] which will be used to perform explicit computations in the relative algebraic K-groups We let DT(A p ) denote the torsion subgroup of the nitely generated abelian 
we will often writeξ for any lift of ξ via the middle vertical isomorphism, i.e., δ p (ξ) = ξ.
Next we briey recall from [5, Sec.
2.2] how the diagram (5) can be used to perform explicit computations in
The primitive idempotents of C will be denoted by e 1 , . . . , e r . For i = 1, . . . , r we set A i := Ae i . Then
Let f be a full, two-sided ideal of M contained in A and put g :
and a canonical isomorphism DT(A) cok(µ), where DT(A) denotes the torsion subgroup of K 0 (A, Q). This isomorphism encodes certain congruences implied by the triviality of an element in DT(A).
For a rational prime p one has canonical isomorphisms
where for given i ∈ {1, . . . , r}, P runs through all maximal ideals of O Ki dividing p and A i,P is dened as A i ⊗ Ki K i,P , where K i,P denotes completion of K i with respect to P. Similarly we have a canonical isomorphism
We write I p (C) for the group of fractional ideals of C with support above p. Then (5) together with (7) induces a canonical identication of
We put a p for the p-primary part of a fractional ideal a. Then one has a hommorphism
Combined with the isomorphism δ p from (5) this is the origin of explicit congruences. See the next section for even more explicit versions of these congruences in the case of cyclic groups Z p , dihedral groups D 2p and the alternating group A 4 .
We obtain the following canonical short exact sequence
After choosing an explicit splitting we have by [5, Prop. 2.7] a non-canonical isomorphism
In [5, Sec. 3 and 4] it is shown how the right hand side can be computed explicitly and how to solve the logarithm problem. We briey recall the logarithm algorithm, for the details we refer the reader to [5, Sec. 4.1] .
By Remark 2.6 a) we may without loss of generality assume that P and Q are A p -free. Then one computes A p -basis ν 1 , . . . , ν d and ω 1 , . . . , ω d of P and Q and a matrix
In all of our applications we will be able to choose S ∈ Gl d (A). If η := Nrd A (S), thenη represents η via the middle vertical isomorphism in (5) and we will use [5, Prop. 2.7] to readη in cok(µ p ) ⊕ I p (C). In particular, we have a test
∀i ∈ {1, . . . , r} and P | p and
Example 2.7. Let p be a prime and let T be a nite perfect
T is also perfect as a Z[G]-module and we may choose a Z[G]-projective resolution of the form
By a fundametal result of Swan (see [15, Th. (32.11) ]) the projectives P and Q are locally free and we can therefore apply the algorithm of [5, Sec. 4 .2] to compute
The algorithm of loc.cit. actually produces elements ν i ∈ Q and ω j ∈ P . Hence we obtain a matrix
Note that in the case #G = 1 this just generalizes the notion of the order of the p-primary part of T .
We conclude this section by explicitly describing the element
from Proposition 2.5. We assume that
By Lemma 2.4 the element Ω p is rational if and only if
If this is the case, we can interprete
In our applications the modules X . In this case the rationality question can be treated by studying the quotient
, where B is a matrix computed with respect to any choice of Q[G]-basis.
It remains to explain how we actually perform the test
α χ e χ with the central primitive idempotents
Then one has
for all χ ∈ Irr(G) and all σ ∈ Aut(C/F ).
Proof. We have to show that χ∈Irr(G) α χ e χ ∈ F [G] if and only if α σ•χ = σ(α χ ) for all χ ∈ Irr(G) and all σ ∈ Aut(C/F ). This amounts to show that
for all g ∈ G. The assertion now follows from the linear independence of absolutely irreducible characters.
Conversely, we deduce that
for all σ ∈ Aut(C/F ). Since for any β ∈ C one has
the result follows.
For χ ∈ Irr(G) we write Q(χ) for the extension generated over Q by the values of χ. We recall that Q(χ)/Q is an abelian extension. By Lemma 2.8 one has
for all χ ∈ Irr(G) and all σ ∈ Gal(Q(χ)/Q). This can be eciently checked if we dispose of good approximations of the complex numbers α χ and bounds for the denominators.
We x a set Irr Q (G) ⊆ Irr(G) of representatives of Irr(G) modulo the action of Aut(C/Q). Thus we identify C with χ∈Irr Q (G) Q(χ). Once we know or trust in the validity of the rationality conjecture, we will work in χ∈Irr Q (G) Q(χ). Note that the elds K i , i = 1, . . . , r, can be identied with the character elds Q(χ), χ ∈ Irr Q (G).
Explicit congruences. Assume that
We let p denote an odd prime. In this section we will consider the cyclic groups Z p , the dihedral groups D 2p and the alternating group A 4 and exemplary rephrase the condition
in terms of explicit congruences. On the one hand this serves as an explicit illustration of the methods introduced in [5] , on the other hand it leads to very remarkable congruences which are conjecturally satised by the twisted BSD quotients (see Remark 4.5) .
Let p be a rational prime and G an arbitrary nite group. We adopt the notation from the previous subsection. We recall that
The explicit congruences are encoded in the canonical isomorphism (8) . We will exemplary make this explicit for the groups Z p , D 2p and A 4 .
Let G = g 0 be cyclic of order p. Let ζ p be a xed primitive p-th root of unity and dene irreducible characters χ 0 and χ 1 by χ 0 (g 0 ) = 1 and χ 1 (g 0 ) = ζ p . Then
For a proof and the generalization for cyclic groups of prime power order we refer the reader to [1, Section 5] .
Let now G = σ, τ | σ
and we x such an isomorphism by
From [5, Th. 
+× be a p-adic unit. By [8, Lemma 3.9] or [2, page 575] one has res(α) = (α 0 α 1 , α 2 ), so that we conclude from the result for cyclic groups Z p that (10) 
By explicit computation we show that
Again by explicit computation one veries that the classes of
generate the kernel of the surjective homomorphism
Together with DT(
3. The ETNC for the base change of an elliptic curve Let K/Q be a nite Galois extension with group G. Let E be an elliptic curve dened over Q. We denote the base change Spec(K) × Spec(Q) E by E K and consider
as a motive over Q. The Galois group G naturally acts on M K via the rst factor and thus we have a natural action of A = Q[G] on the realizations and motivic cohomology groups attached to M K . For an explicit description of the realizations we refer the reader to [14, Sec. 4.1] .
The purpose of this section is to provide an explicit description of the ETNC for the pair (M K , Z[G]). Our main reference is [12] , from where we adopt most of our notation. Further references are the survey articles of Flach [18] , [19] and Venjakob [36] .
We rst note that by Poincaré duality the dual motive M *
where, as usual, E(K) denotes the Mordell-Weil group of E/K.
For a number eld F we write G F for the absolute Galois group. Let v be a place of K. We write K v for the completion of K at v, and x an algebraic closurē K v of K v and an embeddingK intoK v . We denote by G v ⊆ G K the corresponding decomposition group and, if v is non-archimedean, by I v ⊆ G v the inertia group. We write F r v ∈ G v /I v for the Frobenius substitution.
For any number eld F we let Σ(F ) denote the set of embeddings of F into C. We dene H K := Σ(K) Q. The groups G and Gal(C/R) act on Σ(K) and endow H K with the structure of a (Gal(C/R) × G)-module. Let {w j : j ∈ Σ(K)} denote the canonical Q-basis of H K . We write c ∈ Gal(C/R) for complex conjugation. Then cw j = w c•j and σw j = w j•σ −1 for σ ∈ G.
For any commutative ring R and any R[Gal(C/R)]-module X we write X + and X − for the submodules on which complex conjugation acts by +1 and −1, respectively.
We write [2, page 554] where it is denoted by π K .
We write ∞ for the archimedean place of Q and let S ∞ (K) denote the set of archimedean places of K. For each v ∈ S ∞ (K) we choose σ v ∈ Σ(K) corresponding to v. Since E is dened over Q one has σE K = E K for all σ ∈ Σ(K). As usual, we write M B for the Betti realization, that is
By identifying H 1 (E(C), 2πiQ) with the dual homology
We write M dR for the deRham realization,
with the natural decreasing ltration
is canonically isomorphic to
, so that we nally identify
We let ω 0 denote a Néron dierential and let γ + and γ − be Z-generators of H 1 (E(C), Z)
, respectively. We dene
We write ω *
for the map which sends ω 0 to 1. Similarly we dene Q-linear maps γ *
We write
E (E) * , respectively. b) With respect to these basis the period isomorphism π K is represented by
Proof. a) is obvious. For the proof of b) we write π K = ρ −1 K ⊗ id • f and rst compute the matrix for
with respect to the basis W := 1⊗ The basis element W is mapped to
By the denition of τ one has
Next we compute the matrix of the mapρ K : (R ⊗ Q K) −→ R ⊗ Q H K with respect to the basis 1 ⊗ α 0 and 1 ⊗ w ι . One has
On the other hand one computes
Summarizing we obtain
For a ring R and a R-module W we set W * := Hom R (W, R) whenever there is no danger of confusion. Following [12, (29) ] we dene
The height pairing induces an
Together with the period isomorphism π K we obtain an isomorphism in
Let S ram (K/Q) be the set of rational primes which ramify in K/Q and S bad (E) the set of rational primes where E has bad reduction. We put S := S ram (K/Q) ∪ S bad (E) and for a xed prime l we set S l := S ∪ {l}. We let T l (E) := lim
denote the l-adic Tate module of E and set
which we regard as a (left) module over G Q × G. Explicitly, G Q acts diagonally and g(λ ⊗ t) = λg
and t ∈ T l (E). We further dene
Although not visible in the notation, the modules T l and V l depend both on E and K.
We let RΓ c (Z S l , T l ) denote the complex dened in [12, Sec. 3.2 -3.3] and let
be the isomorphism dened in [12, Sec. 3.4] . Given this data we obtain an element
Next we will formulate the conjecture for which we wish to provide numerical evidence. For each character ψ ∈ Irr(G) we write L(E/Q, ψ, s) for the twisted Hasse-Weil-L-function. We assume that L(E/Q, ψ, s) has analytic continuation to all of C and write L * (E/Q, ψ, 1) for the leading term in its Taylor expansion at
In order to compare the vector of twisted Hasse-Weil-L-functions to the motivic L-function it is necessary to recall the precise denition of the twisted Hasse-Weil-L-functions. The l-adic representation attached to E is
For χ ∈ Irr(G) we write V χ for a representation space for χ and without loss of generality we may regard V χ as aQ l -vector space. For primes p = l we dene local polynomials by
As usual we put
where we have put
denotes the contragredient representation. By [12, Rem. 7] , the motivic L-function associated to M K is dened by the Euler factors
.
It easily follows that
Remark 3.3. For later reference we compute the rened Euler characteristic of the complex
where the non-trivial modules are placed in degrees 0 and 1 under the assumption
In this case the rened Euler characteristic associated with the above complex is represented by (L p (E,χ, 1) ) χ∈Irr(G) via the middle vertical isomorphism of diagram (5) . Indeed, the Weil pairing induces a G Q -equivariant
We now set
. If we dene T
. For a set of places P of Q we write P (K) for the set of places of K lying above places in P . In the next section we will (assuming the rationality conjecture [12, Conj. 4 (iii)] and certain further hypothesis on K, E and l) describe the l-part
This may be considered as an explicit integral version of the middle column of diagram (26) in [12] .
We will now use the additivity of rened Euler characteristics (see [9, Th. 5 .7] and our Remark 2.2) and the explicit nature of the complexes RΓ f (K, T l (E)) and RΓ f (K v , T l (E)) to describe RΩ. We write χ Z l [G],C l for the rened Euler characteristic introduced in [13] . In this way we obtain
To conclude this section we aim to formulate an explicit rationality conjecture. As we will see one has (15)
Moreover, by [12, (28) ] there is an isomorphism in D
and by [12, (22) ] an exact triangle
Just for the moment, we content ourselves with observing that the terms resulting from V l,v φv −→ V l,v for v ∈ S l (K) are rational and, in fact, will give certain Euler factors. In order to state the rationality conjecture we can therefore neglect these terms. To tie up with the situation described in (4) we set
Recall that for the rationality conjecture we do not have to consider the maps θ ev l and θ od l (see Remark 2.6). Note also that it is usually more convenient to separate the height and period isomorphism and thus to consider 
, and note that Nrd We will compute complex approximations to
and then use Lemma 2.8 to numerically verify the rationality conjecture.
Explicit version of the ETNC
In this section we will dene the complexes RΓ f (Q, T l ) and RΓ f (Q p , T l ) and explicitly describe their cohomology. We will closely follow [11] and [14, Sec. 12] .
Under certain hypothesis on E, K and l (see below), we will derive an explicit version of ETNC in terms of rened Euler characteristics of classical objects of the theory of elliptic curves, such as the Mordell-Weil group and the Tate-Shafarevic group.
We x an algebraic closureQ of Q and an embedding ι :Q −→ C. Recall that we have dened τ ∈ G by c•ι = ι•τ with c ∈ Gal(C/R) denoting complex conjugation. We set G ∞ = Gal(C/R) and identify G ∞ via ι with a subgroup of G Q . For each rational prime p we x an embedding j p :Q −→Q p . With respect to j p we let G p ⊆ G Q denote the decomposition group and I p ⊆ G p the ramication subgroup. Finally we letĪ p ⊆Ḡ p ⊆ G denote the ramication and decomposition group of p in K/Q.
For a pronite group Π and a continuous Π-module N we denote by C • (Π, N ) the standard complex of continuous cochains. We write Z S l for the ring of S l integers and G S l for the Galois group of the maximal subextension ofQ which is unramied outside S l . Following [12, Sec. 3.2-3.4] we set
where the morphism here is induced by the natural maps
We now proceed to dene the remaining complexes in the true triangle
Our aim is to dene these complexes such that they are Z l [G]-perfect. We point out that for l #G the algebra Z l [G] is regular, so that every complex of Z l [G]-modules with only nitely many non-trivial cohomology groups all of which are nitely generated is automatically perfect. For a nite place v of K we write O Kv for the valuation ring in the completion K v and m v for the maximal ideal. Let k v := O Kv /m v denote the residue class eld. We write E 0 (K v ) for the points of E(K v ) which reduce to a non-singular point on the reduced curveĒ(k v ). LetĒ ns (k v ) denote the group of non-singular points of
We will need the following Hypothesis:
(H2) and (H3) are needed to show that the above complexes are perfect. (H1), (H4) and (H5) will be needed to be able to compute the rened Euler characteristics of these complexes. Note that (H2) possibly excludes certain prime divisors l of #G from our considerations. However, in certain circumstances all of the hypothesis (H1) -(H5) are conjecturally satised for some divisors l of #G. Explicit examples are given in Section 6. We remark also that with some additional eort it would be possible to relax (H5) by stipulating it only for l | #G, but for a related, more complicated module. However, in this case the computation of the relevant Euler characteristics becomes more complicated and less suitable for numerical computations (see Remark 4.3).
If
Then RΓ f (Q ∞ , T l ) is indeed a perfect complex. This is clear for l #G by the preceeding remark. In general, we may identify E(C) with the complex torus C/(ZΩ + ⊕ ZΩ − ). In this way we obtain an isomorphism of
Using this identication it is clear that
if v is real, 
For a Z-module
The next denition is motivated by [14, Sec. 12.2 and Rem. 12.4.2]. We need the following notations. If p ∈ S and p = 2, then we dene a nitely generated
is the quasi-inverse to the functor of Fontaine and Lafaille that is used by Niziol in [31] . For each such p we also write φ p for the natural
where F r p is the natural Frobenius in
In the rst two cases the modules are placed in degrees 0 and 1, in the third case the module is placed in degree 1.
The following lemma and its proof are analogous to [14, Lem. 12.2.1].
Lemma 4.1. Assume (H2) and (H3). Then RΓ f (Q p , T l ) is a perfect complex of
Proof. If l ∈ S or l = 2 the result is clear because in this case Z l [G] is regular. If l ∈ S, l = 2 and l = p we note that p is unramied in K/Q by denition of S, and hence O K,p is a free
and
Finally, if l ∈ S, l = 2 and l = p, we rst note that
We write eĪ p for the idempotent associated withĪ p . By (H2b) we have
is a direct summand of
and thus projective.
We dene the complex RΓ(Q, T l ) as in [11, (1.33) We note that the Weil pairing induces an isomorphism between T l and T * l (1).
Furthermore, we recall that
4.1. The case l ∈ S and l = 2. For a nite Z-module C we write C l ∞ for the l-Sylow subgroup of C.
From [11, (1.35 )-(1.37)] we derive [11] we have the short exact sequence (see [11, (1.36) 
By this sequence we identify H
We let
be the module introduced in [11, (1.38) ], so that we have exact sequences (by [11, 1. 38)] and the displayed exact sequence succeeding it) (18)
We claim that under our assumptions the module C is trivial. If p = l, then
is torsion free and C(Q l , T l ) is trivial. Assume now that p = l. We x a place v of K above p and set L := K v Q ur p where Q ur p denotes the maximal unramied extension of Q p . Furthermore we put U := Gal(Q p /L). From the ination-restriction sequence we derive
If p ∈ S ram (K/Q), then p ∈ S bad (E) because of (H3) and we obtain T
which is a cohomologically trivialĪ p -module. Hence H
, where the second isomorphism holds because U acts trivially on T l . It follows that H 1 (I p , T l ) is torsion free which, in turn, proves the claim for primes p ∈ S ram (K/Q).
For p ∈ S ram (K/Q) we haveĪ p = 1, so that we get H
Our next aim is to compute the rened Euler characteristic
introduced in (14) in terms of classical modules of the theory of elliptic curves. In full generality this is a very dicult task because it seems to be very hard to compute the complex RΓ f (Q, T l ). Our hypothesis allow us to use [12, Prop. 2.1 (4)], so that we can work entirely with the cohomology modules.
Lemma 4.2. Assume (H0) -(H5) and write
Proof. The proof follows from the preceeding computation of cohomology and Lemma 2.3. (17) and (19) we derive (20)
with a module S which sits is a short exact sequence of the form
The module S is related to the integral Selmer group dened by Mazur and Tate in [29] (see [14, Lem. 12 
.2.2] and its proof). It is certainly possible to compute
in this more general setting for l #G, however, any description of χ(RΓ f (Q, T l ), δ −1 ) would then involve the modules S, C and X(T * l (1)). For computational purposes this seems to be less useful.
We now compute χ(RΓ f (Q p , T l ), 0) for p = l, ∞. Recall that we are still in the case l ∈ S, l = 2. From the denition of RΓ f (Q p , T l ) we immediately obtain
By Remark 3.3 this Euler characteristic is represented by (L(E/Q,χ, 1)) χ∈Irr(G) .
We let E be a Néron model for E over Z. Because of hypothesis (H3) we may regard
. In this way the integral lattice
We will compare the rened Euler characteristic of
with the l-part of
Using the xed embedding ι :
By (16) we may therefore identify
For each prime p we write t p (V p ) for the tangent space [12, page 521 ] for the precise denition) and
for the canonical comparison isomorphism of [12, (23) ]. For any embedding j : R −→ C l we write π K,j for the composite map
Since l ∈ S and l = 2 the theory of Fontaine and Messing implies that
As before we write χ = χ Z l [G],C l for the rened Euler characteristic. If v is a nite place of K we also put
Applying Lemma 2.3 we obtain
We writeÊ for the formal group associated with E. Then we have the basic short exact sequence
From (23) we derive the short exact sequence
BK is nite and, by Lemma 2.3,
As in the previous case we must now relate the Euler characteristic of
for the isomorphism given by the Bloch-Kato exponential map and recall that the logarithm attached to the formal groupÊ induces an isomorphism
We use the commutative diagram
For each place v | l we choose a positive integer n v such that log v induces an isomorphism betweenÊ(m nv v ) and m nv v . For every prime p we x a place v p above p. We obtain 
Assume also that the rationality conjecture holds. If l ∈ S and l = 2 we set
If l ∈ S or l = 2 we set (22) cancel because of the identication made in [12, (24) ] applied to (19) and (22) = (η 1 , . . . , η r ) with η i ∈ K i , then T Ω l = 0 if and only if v P (η i ) = 0, ∀i ∈ {1, . . . , r} and P | l in K i /Q, and
Proof. The Euler factor terms
× and µ l is the isomorphism from (8) . Recall that this means that the η i have to satisfy certain complicated congruences. In Section 2.3 we made these congruences explicit for cyclic groups Z l , dihedral groups D 2l and the alternating group A 4 . For explicit examples see Sections 6.1, 6.2 and 6.3 where we consider dihedral extensions K/Q of degree 2l for an odd prime l. In each of these examples the prime l is of particular interest because we have to check that the BSD quotients satisfy the congruence (10).
Remark 4.6. The element u l in (25) depends on the choice of α 0 , however, the validity of the statement u l = ξ l in cok(µ l ) ⊕ I l (C) is independent of this choice. If
Hence the independence follows from the fact that Nrd Q l [G] (λ) is a unit in O C,l which is contained in the image of µ l .
We x a normal basis element α 0 and
in the sense of Remark 2.6 b) and compute u with respect to these basis. Note that for almost all primes l the element α 0 constitutes a
. For all these primes l we can use this xed u as u l in Proposition 4.4.
We dene two nite sets of rational primes
So for all l ∈ HP 2 we can use the xed u as u l in Proposition 4.4. Note that HP 2 depends on the choice of α 0 and the
Finally we set
We say that an element w = (
. . , r and all primes p ∈ HP .
Corollary 4.7. Assume (H0) and (H3) and the rationality conjecture. Let l ∈ HP be a rational prime. Then l satises the hypothesis (H1),( H2), (H4) and (H5) and
Proof. There rst assertion is clear from the denition of HP . If l ∈ HP , then we are in the case l ∈ S and l = 2. By denition of HP 1 the element ξ l is trivial. By denition of HP 2 we have u = u l . Since l #G, we have cok(µ l ) = 0, so that T Ω l = 0 if and only if u is prime to l in the sense of Remark 4.5.
By the corollary we can, in principle, numerically verify ETNC for almost all primes l as soon as we have computed a good approximation of u ∈ χ∈Irr(G) C × . If the computed u makes us believe that the rationality conjecture holds, and if we are able to round u to an element of u ∈ χ∈Irr Q (G) Q(χ) × , we only have to check if u has support in HP .
Of course, the main restriction to our approach is our incapability of computing the Mordell-Weil group and the Tate-Shafarevic group. In order to obtain at least some numerical evidence we will usually trust in the equivariant rank conjecture and thus assume that the analytic rank equals the geometric rank r and compute r by computing approximations to the L-values. Even here our approach is rather vague since we do not dispose of a criterion which would allow to decide whether an L-value is actually 0 from the knowledge of numerical approximations.
However, numerical computations can prove that the analytic rank is 0 and in this case (assuming that K is totally real) we can use results proved independently by Longo and Tian-Zhang (see [16, Th. 3.7] ) to deduce that the algebraic rank is also 0.
If r = 0 or in the rare case that r > 0 and we know generators for E(K) we use the usual Birch and Swinnerton-Dyer conjecture to compute a conjectural value for #X(E/K). In a sense our results can be characterized as`deducing numerical evidence for ETNC from the classical BSD-conjecture for E/K'.
Computational remarks
In this section we describe how we perform our computations.
Computation of L-values.
For the computation of the leading coecients L * (E/Q, χ, 1), χ ∈ Irr(G), we use the algorithm of Dokchitser decribed in [17] . Actually we apply the MAGMA [28] implementation of this algorithm.
We use the algorithm to compute complex approximations to the derivatives
of the twisted Hasse-Weil-L-functions at s = 1. We also use these values to guess the order of vanishing of L(E/Q, χ, s) at s = 1 in a very naive way. Explicitly we setr
where ε > 0 is a chosen lower bound which seems to be reasonable in an unspecic way. At least one can hope thatr(χ) is equal to the order of L(E/Q, χ, s) at s = 1.
Computation of periods. For the computation of periods associated to
we apply Proposition 3.1. The computation of Ω + and Ω − is standard and we just use the implementation provided by MAGMA. It is usually very ecient to compute a normal basis element α 0 just by trial and error. Without loss of generality we assume that α 0 ∈ O K . Then the exceptional set HP 2 contains
If we want to check the conjecture for primes l ∈ HP we must assume hypothesis (H), in particular, that l is at most tamely ramied in K/Q. In this case we can use algorithm [5, Alg. 4.2] 
However, it is reasonable to compute u such that the exceptional set HP is as small as possible. Under certain assumptions on the group G (which are, e.g., satised for all groups with #G < 32) we can often use the methods of [3, 4] to compute α 0 ∈ O K such that HP 2 ⊆ HP 1 . This is possible because for small groups G the ring of integers O K is often free over the associated order Henceforth we assume r > 0 and that
is explicitly known. Note, however, that for the rationality conjecture it would be enough to know a subgroup of nite index.
We consider E(K) ⊗ Z Q and remind the reader of Remark 2.6 b) where the general recipe for the computation of regulators is described. However, for our actual computations described in the next section it will be enough to consider irreducible rational characters χ ∈ Irr Q (G) which factor through the commutator subgroup G . For all other characters we assume that e χ (E(K) ⊗ Z Q) is trivial. Under these circumstances it is rather straightforward to compute a Q[G]-basis in the sense of Remark 2.6 b). We describe the computation of the equivariant regulator in this case.
Let ψ ∈ Irr(G) denote an absolutely irreducible abelian character and set F := K ker(ψ)
. Let χ = σ∈Gal(Q(ψ)/Q) ψ σ be the associated rational character. Then
For an abelian character ϕ we write 
Proof. The set
We dene the dual basis by
1, if ϕ = λ and i = j, 0, otherwise. Then one easily veries that
otherwise. The elements (26)
Therefore with respect to the basis 
which is a product of discrete valuation rings such a basis always exists. From
Working with localisations rather than completions we can also consider
which is principal ideal ring (because it is Dedekind with only nitely many maximal ideals). It is then quite standard to compute a basis from the knowledge of P 1 , . . . , P r .
Example 5.2. In [21] Fearnley and Kisilevsky consider the situation when K/Q is a cyclic extension of odd prime degree l and examine the case that L(E/Q, ψ, s) have simple zeroes for all non-trivial characters ψ ∈ Irr(G). We writeĜ for the group of linear characters of G and x a generator ψ 0 ofĜ. Let χ := γ∈Gal(Q(ψ0)/Q) ψ γ 0 denote the associated irreducible rational character. The computations described in loc.cit. suggest that for non-trivial ψ and a point P ∈ E(K) of innite order with trace 0 (i.e., P ∈ e χ (E(K)
with a Gauss sum τ (ψ), the conductor f ψ of ψ, λ ψ (P ) := σ∈G ψ(σ −1 ) P, P σ and an algebraic number α ψ (P ) ∈ Q(ψ) which satises α ψ γ (P ) = α ψ (P ) γ for all γ ∈ Gal(Q(ψ)/Q). In other words this means that ( 
The results and computations of loc.cit. are completely consistent with the rationality conjecture 3.5 and provide numerical evidence for it. Indeed, one easily shows that λ ψ (P ) = P, eψP , so that we deduce from Proposition 5.1
where ≡ means up to a multiplicative factor in e χ Q[G] [20, 9( 
Recall that the right hand side is exactly the χ-part of the resolvent R from Conjecture 3.5. (c) Set
Proof. We apply [32, Th. 14.1]. E is isomorphic over F to the Tate curve E q with
Note that D acts trivially on the right hand side so that
as Galois modules. a) and b) are now immediate. To prove c) we may assume l #D. Then we have a projective resolution of
The result follows. 
and the result follows.
In general we assume that the nite perfect Z l [G]-module T is given by a Z[G]-generating set t 1 , . . . , t d with explicitly known G-action, i.e.
It is then easy to compute a Z[G]-resolution of the form
d , π(e i ) := t i where e i denotes the canonical basis and Q := ker(π). We then proceed as described in Example 2.7.
In this way it is, in principle, possible to compute the rened Euler characteristics 
5.5. Computation of E(K) and X(E/K). The computation of E(K) is very dicult even if K = Q and does usually not work if K = Q. In our examples we mostly consider pairs (E, K) such that the analytic rank of E/K is 0 and K is totally real. In this case we use [16, Th. 3.7] to deduce that the algebraic rank is also equal to 0. In small examples (see e.g. Section 6.1) it is sometimes possible to prove that the algebraic rank is trivial by a Selmer group computation.
If r > 0 we generally assume the validity of the equivariant rank conjecture and only consider examples where the equivariant rank conjecture implies that E(K) is built from subgroups E(F ) where F ranges over the subelds of K/Q with [F : Q] ≤ 2. For F = Q we use the MAGMA routine to compute E(Q) and if F is a quadratic extension we look at the associated quadratic twist E d of E and compute E d (Q). Computing the isomorphism E E d (dened over F ) we then obtain E(F ).
Our ability to compute X(E/K) is even more limited. We remind the reader that throughout the manuscript we assume niteness of X(E/K). In order to compute #X(E/K) we use the classical BSD conjecture for E/K. In this way we obtain a conjectural value for #X(E/K) which we wish to use to compute the associated rened Euler characteristic. Since we only dispose of the (conjectural) order of X(E/K) we are usually restricted to deal with primes l which do not divide this order. However, in some rare cases (see e.g. Section 6.2) it suces to know this order to compute the rened Euler characteristic of X(E/K). Moreover, in some examples (see Section 6.1 and 6.3) the computations lead to a conjectural description of the structure of X(E/K) as a Galois module. 
We refer the reader to [5, Sec. 6] where we provide an algorithmic description of this map.
Examples
In this section we illustrate our results with some explicit examples. The computational results of this section can be reproduced using the MAGMA implementations available from http://www.mathematik.uni-kassel.de/∼bley/pub.html. 6.1. Navilarekallu`s example. In this subsection we redo the example from [30] .
and K be the splitting eld of f (x) = x 3 − 4x + 1. Then K/Q is an S 3 -extension. The elliptic curve E is denoted 11A1 in Cremona`s database. Its conductor is N E = 11 and the discriminant of K is given by d K/Q = 229 The L-values can easily be computed with a precision of 20 or more decimal digits. We give here only the rst 6 decimal digits: (L(E/Q,χ, 1)) χ∈Irr Q (G) = (0.253842, 0.419359, 2.66127). Therefore the analytic rank for each of the L-functions is trivial. By [16, Th. 3.7] (which has been proved independently by Longo and Tian-Zhang) we have
In this small case this can also be proved by algorithmic methods. Let K 1 be the number eld dened by f (x) = x 3 − 4x + 1. Then the computation of Selmer groups using the MAGMA routine TwoSelmerGroup shows that Sel which numerically conrms the rationality conjecture. We point out that the resolvents and therefore also the value for u depend on the choice of the integral normal basis element α 0 . The algorithm of [3] does not always produce the same generator, so that one may obtain dierent results when running the algorithm. Note, however, that the validity of the ETNC does not depend on this choice (see Remark 4.6).
From the BSD-conjecture we conclude the conjectural order #X(E/K) = 625, so that HP = {2, 3, 5, 11, 229}. By Corollary 4.7 we immediately obtain a numerical conrmation for all primes l ∈ HP .
For l = 2 hypothesis (H2a) is not satised and for l = 5 we do not have (H5). For l = 3 we have ξ l = (1, 1, 1) .
tors is cyclic of order 2 and by the methods of [5] we can check that u is indeed trivial in this group. We can also directly check the explicit congruence (10) which becomes −1 ≡ −25(mod 3) in this example.
For l ∈ {11, 229} the group
tors is trivial and from the above data one easily deduces the validity of the l-part of ETNC.
Although we do not have (H5) for l = 5 one can try to proceed as in Remark 4.3. By Proposition 5.3 we can compute the rened Euler characteristic of C (see Remark 4.3 for the notation). Since we do not know how to rigorously compute the Euler characteristics of S and H 1 f (Q, T l ) * we only get a very vague idea about the Galois structure of X(E/K). However, by the conjectural validity of ETNC at l = 5 one is tempted to guess thatχ(X(E/K) 5 ∞ ) = (1, 1, Recall that any element z ∈ ζ(Q[G]) is represented by a tuple z = (z χ1 , z χ2 , z χ3 ). This explains why some of the above tuples have only 3 components.
From the BSD conjecture we derive the conjectural order #X(E/K) = 2304 = 2 8 3
2
. Thus we have HP = {2, 3, 5, 73, 401} and by Corollary 4.7 the ETNC is numerically conrmed outside HP .
For l = 2 we cannot perform our computations because 2 divides #G. For l = 3 our MAGMA implementation terminates without verifying the 3-part of ETNC because 3 divides the order of X(E/K). In general we are not able to compute the rened Euler characteristic of X(E/K) if l divides #X(E/K) because we have no information about its Galois structure. However, in some special cases like this one, it is possible to pin down the exact Euler characteristic by purely representation theoretic considerations. Here X(E/K) [3] is conjecturally bicyclic of order 9 and we may consider it as a representation over F 3 . There are three irreducible representations over F 3 , namely the trivial character, the sign character and a 2-dimensional representation (dened over F 9 ). A BSD-computation for E/Q and E/F shows that #X(E/Q)[3] = 1 and #X(E/F ) = 9 so that we obtaiñ χ(X(E/K)) = (1, 9, 1). Using this we can also conrm the validity of ETNC at l = 3.
For l ∈ {73, 401} the K 0 (Z l [G], Q l ) tors is trivial and from the above data one easily deduces the validity of the l-part of the ETNC.
Most interesting is the case l = 5 because in this case we have non-trivial torsion subgroup K 0 (Z l [G], Q l ) tors so that we must verify the explicit congruence (10) . We have ξ 5 = (1, 1, 1 Then K/Q is a Galois extension with dihedral group D 7 . We have N E = 11 and d K/Q = 577
7
. The eld K is totally real and contains the quadratic subeld Recall that any element z ∈ ζ(Q[G]) is represented by a tuple z = (z χ1 , z χ2 , z χ3 ). This explains why the above tuples have only 3 components.
From the BSD conjecture we derive the conjectural order #X(E/K) = 5
12
. Thus we have HP = {2, 5, 7, 11, 577} and by Corollary 4.7 the ETNC is numerically conrmed outside HP .
For l = 2 we cannot perform our computations because 2 divides #G.
For l = 5 we cannot perform the computations because 5 divides the order of X(E/K) and the Tamagawa numbers. As in Example 6.1 we try to proceed as in Remark 4.3. By the conjectural validity of ETNC at l = 5 one may guess that χ(X(E/K) 5 ∞ ) = (1, 1, For l ∈ {11, 577} the K 0 (Z l [G], Q l ) tors is trivial and from the above data one easily deduces the validity of the l-part of the ETNC.
The most interesting prime is l = 7 because in this case we have non-trivial torison subgroup K 0 (Z l [G], Q l ) tors so that we must verify the explicit congruence (10) . We have ξ 7 = (1, 1, 1), so that η := uξ Let p denote the unique prime lying over 7 in K 3 . Then one easily checks that the valuation at p of 6.4. More dihedral examples. We have numerically checked a few more D lexamples which are completely analogous to the previous examples. We searched for cases where we could apply our methods for the prime l. In particular we needed the Mordell-Weil group E(K) to be nite. In all our examples K is a totally real number eld, so that we can apply [16, Th. 3.7] . In all the examples our computations numerically conrm the l-part of ETNC.
In the following we list our examples. In each of our examples K is the Hilbert class eld of the real quadratic eld Q( √ d). The elliptic curve is referenced as in One checks that the conjugate of P i is −P i for i = 1, 2 so that by Proposition 5.1 we obtain for the χ 2 -part of the equivariant regulator det ( P i , P j ) i,j∈{1,2} = 34.914427985010413291.
Possibly P 1 , P 2 is not the full Mordell-Weil group E(K). However, if we content ourselves with checking the rationality conjecture, then this information is enough.
Together with the computations of L-values, resolvents and periods we obtain Numerically this conrms the rationality conjecture because u is close to Recall that any element z ∈ ζ(Q[G]) is represented by a tuple z = (z χ1 , z χ2 , z χ3 ).
Although we cannot be sure that we have computed the full Mordell-Weil group E(K) it seems to be most likely that we have found a subgroup of nite index and that the only primes that possibly divide this index are 2 and 5. Therefore, as long as we exclude these primes from our considerations, we still obtain some evidence for the integrality conjecture.
Assuming E(K) = P 1 , P 2 we derive from the BSD conjecture the conjectural order #X(E/K) = 5 8 . Thus we have HP = {2, 5, 11, 401} and by Corollary 4.7 the ETNC is numerically conrmed outside HP .
As already mentioned we cannot expect any integrality statements for l = 2, 5, which would also not be possible for other reasons because for l = 2 we cannot perform our computations because 2 divides #G, and l = 5 divides #G and we have non-trivial cohomology modules such as X(E/K) and E(K) which may not be Z l [G]-perfect. Also, (H5) is not satised.
For l ∈ {11, 401} the K 0 (Z l [G], Q l ) tors is trivial and from the above data one easily deduces the validity of the l-part of the ETNC.
